Natural convection is studied in an isosceles triangular enclosure with a heat source located at its bottom wall and filled with an Ethylene Glycol-Copper nanofluid. This paper examines the effects of pertinent parameters such as the Rayleigh number, the solid volume fraction, the heat source location, and the enclosure apex angle on the thermal performance of the enclosure. The thermal performance of the enclosure is improved with an increase in the Rayleigh number and solid volume fraction. The results also show that the variation of heat transfer rate with respect to the enclosure apex angle and heat source position and dimensions is different at low and high Rayleigh numbers. A comparison is also presented between the results obtained from the modified and original Maxwell models. The results show that the heat transfer is generally higher based on the modified Maxwell model.
Introduction
In recent years, the number of studies conducted on natural convection in triangular enclosures has increased, as evidenced by the research articles cited in [1] [2] [3] . The increased interest in natural convection is due to its application in various environmental, geophysical and engineering problems. In particular, natural convection has been considered an effective and economical cooling strategy for electronic devices [4, 5] . However, miniaturisation of components in modern electronic devices is subject to strict space and weight constraints, which in turn results in increased heat dissipation per unit area [6, 7] . Therefore, an enhanced cooling strategy is needed to avoid premature failure of miniaturised electronic components and to ensure their reliability and life expectancy.
If the cooling strategy utilises a coolant fluid with a low thermal conductivity, the natural convection flow field only acquires a limited strength. It is, therefore, of fundamental interest to explore innovative and practical strategies that strengthen the natural convection flow for various geometries of electronic components. Bergles [8] described nine techniques for heat transfer enhancement, among which the addition of liquid droplets or solid particles in the base convective fluid was a promising technique for natural convection enhancement. Ridouane and Campo [9] analysed the natural convection in an isosceles triangular enclosure and showed that if it was filled with a mixture of different gases, it had a higher cooling performance than if filled with air.
For the first time, Choi [10] suggested that the addition of nanoparticles into the base convective fluid increases its thermal conductivity and therefore substantially enhances its heat transfer characteristics. The resulting mixture of nanoparticles and the base convective fluid is referred to as a nanofluid. Some researchers have shown that the use of water-based nanofluids enhances the natural convection in inclined enclosures [11] [12] [13] [14] . The influence of nanofluids on
Nomenclature

C p
Specific heat, J kg −1 K 
Radius of nanoparticles, nm Ra heat transfer performance is still a controversial issue. It has been demonstrated that the augmentation or mitigation of heat transfer depends upon the theoretical models used to determine the nanofluid properties such as dynamic viscosity and thermal conductivity [15, 16] . Some of the models include the contribution of Brownian motion of the nanoparticles to determine the nanofluid properties [17] [18] [19] . However, there are still a number of studies which rely on either original Maxwell model [20] or modified Maxwell model [21] . 
Table 1
Physical properties of Cu and Ethylene Glycol [31, 32] . The conductors in the electrical engineering industry often have the form of a prism of triangular cross-section. Triangular-shaped enclosures can also be found in the electronic equipment such as the power transistors, the printed wiring boards and the chip packages mounted on computer motherboards. In particular, a triangular-shaped chip package mounted on a motherboard is used to dissipate heat from the motherboard. This can be modelled by considering a triangular enclosure with a heat source located at the bottom wall. Recently, many researchers have studied natural convection in isosceles triangular enclosures filled with a fluid having a low thermal conductivity [22] [23] [24] [25] [26] [27] [28] [29] [30] . The heat transfer of the triangular enclosures can be enhanced by improving the thermal properties of the working fluid. To the best knowledge of the authors, the literature is scarce in the field of heat transfer enhancement as a result of using nanofluids in isosceles triangular enclosures. As such, the purpose of this paper is to provide steady-state numerical results for natural convection in an isosceles triangular enclosure filled with an Ethylene Glycol-Copper (EG-Cu) nanofluid. The results of the simulation are presented in terms of pertinent parameters such as the Rayleigh number, solid volume fraction, position and dimensions of the heat source and the apex angle of the triangular enclosure.
Problem description
The present model consists of an isosceles triangular enclosure filled with an EG-Cu nanofluid (Fig. 1) . A heat source with a length of w and a height of h and with a relatively high temperature (T h ) is located at the thermally insulated bottom wall, while the inclined walls of the enclosure are maintained at a relatively lower temperature (T c ). It is assumed that EG and Cu nanoparticles are in thermal equilibrium, the nanofluid is Newtonian and incompressible, the flow is laminar and radiation effects are negligible. Constant thermophysical properties are considered for the nanofluid except for the density variation in the buoyancy forces determined by using the Boussinesq approximation. The thermophysical properties of EG and Cu are given in Table 1 .
Governing equations
The governing equations of continuity, momentum and energy can be written in non-dimensional forms as shown in Eqs. (1) Table 2 Applied formulae for the nanofluid properties.
Nanofluid properties Applied model
Density
Dynamic viscosity [33] µ nf =
where, the following non-dimensional groups are used in the analysis:
The non-dimensional boundary conditions are as follows:
• Along all the walls of the enclosure U = V = 0 • Along the horizontal side of the enclosure ∂θ /∂Y = 0 (6)
• Along the inclined sides of the enclosure θ = 0.
Nanofluid properties
The thermophysical properties of the EG-Cu nanofluid are determined using the formulae presented in Table 2 . The effective thermal conductivity of the nanofluid is also determined based on the modified Maxwell model applied by Yu and Choi [21] . In addition, a comparison study is presented between the results obtained from the modified and the original Maxwell models.
Original Maxwell model
According to the original Maxwell model [20] , the thermal conductivity of EG-Cu nanofluid (k eff ) for spherical Cu nanoparticles is
where, k np is the thermal conductivity of dispersed Cu nanoparticles and k f is the thermal conductivity of pure EG. This classical model has been cited by many researchers [34] [35] [36] . However, it does not take into account the Brownian motion of nanoparticles and the effect of solid-like nano-layers formed around nanoparticles.
Modified Maxwell model
The modified Maxwell model takes into account a nano-layer with a solid-like structure formed by the liquid molecules close to a solid surface. According to this model, the thermal conductivity of the EG-Cu nanofluid (k eff ) having spherical Cu nanoparticles is
In this equation, σ is the ratio of the thickness of nano-layer to the original radius of nanoparticles (h nl /r np ), k f is the thermal conductivity of pure fluid, φ is the solid volume fraction of the nanofluid and k eq is the equivalent thermal conductivity of nanoparticles and their layers:
In this equation, γ is the ratio of thermal conductivity of nano-layers upon the thermal conductivity of the nanoparticles (γ = k nl /k np ). In this study, it is assumed that h nl = 2 nm, r np = 3 nm and k nl = 100k f . Yu and Choi [21] argued that for these conditions, the results of the modified Maxwell model are in good agreement with the experimental results.
Numerical approach
The governing equations (1)- (4) with the corresponding boundary conditions given in Eq. (6) are solved based on the control volume formulation and the SIMPLE algorithm [37] . The power-law scheme is used to discretise the convection-diffusion terms. The resulting algebraic equations are numerically solved in FORTRAN. A regular rectangular domain with uniform grid is first generated. Then, the triangular model is developed by approximating the inclined walls of the triangular enclosure with staircase-like zigzag lines [1, 26] and inactivating the grid cells outside of the triangular domain.
Other useful quantities such as Nusselt number for each side of the heat source can be determined after solving the governing equations for U, V and θ . The local Nusselt numbers for the left, right and top sides of the heat source are defined as
Thus, the average Nusselt number for each side of the heat source is determined by integrating the local Nusselt number along the surface of each side of the heat source
Nu
The total average Nusselt number (Nu m ) for the heat source can be obtained by integrating the local Nusselt numbers along the left, right and top sides of the heat source.
The variation of average Nusselt number (Nu m ) for seven different grid sizes is examined to study the independence of the solution to the grid size. Three different apex angles of 60°, 90°and 120°are considered and the results for Ra = 10 5 , D = 0.5, W = H = 0.1, and φ = 0.05 are presented in Fig. 2 . A grid size of 100 × 100 is found to meet the requirements of both the grid independence study and the computational time limits. The convergence criterion is to reduce the maximum mass residual of the grid control volume below 10 −8 . The present numerical approach is validated against the study developed by Varol et al. [38] . The results of this validation for a right triangular enclosure with a heat source (T h ) located in the middle of its vertical wall are presented in Fig. 3 . The present numerical code has also been validated for enclosures filled with nanofluids and the results have been reported in the literature [39] [40] [41] .
Results
In the present analysis, the Prandtl number is assumed to be Pr = 151, and the Rayleigh number (Ra), the solid volume fraction (φ), the enclosure apex angle (δ), the heat source position (D), the heat source length (W ), and the heat source height (H) are assumed to be in the following ranges: 10 
Rayleigh number and solid volume fraction
In this section, the effects of Rayleigh number (Ra) and solid volume fraction (φ) on the heat transfer performance of the enclosure are studied. It is assumed that D = 0.5, δ = 90°, and H = W = 0.1. enclosure can be observed for all values of Ra. The symmetry in the flow and temperature fields is related to the heat source being located at the centreline of the bottom wall. The streamlines indicate two counter-rotating circulating cells, rotating clockwise in the right section and counter-clockwise in the left section of the enclosure. The flow rises along the mid-plane of the enclosure, on which the heat source is located, and descends along the inclined walls, which have a relatively lower temperature. As Ra increases, the buoyant forces become stronger and therefore the absolute value of the stream function for both the EG-Cu nanofluid and the pure EG increases. A comparison study between the EG-Cu nanofluid and the pure EG indicates that at high Ra, circulating cells for EG-Cu nanofluid are stronger than those for pure EG, whereas at low Ra, the pure EG has stronger circulating cells. At low Ra, the isotherms are uniformly distributed in the enclosure, showing that conduction dominates the heat transfer. However, as Ra increases, an irregularity is observed within the temperature field, and the intensity of the isotherms increases near the heat source. This is an indication of strengthening of the buoyant forces and convection heat transfer in the enclosure. The variations in the vertical component of velocity (V ) and the dimensionless temperature (θ ) of the flow, along a horizontal axis extending over the top side of the heat source (Y = 0.1), are plotted in Figs. 5a and 5b, respectively. These graphs provide a better understanding of the flow behaviour within the enclosure for both the EG-Cu nanofluid and the pure EG at different Ra. An examination of the magnitude of V and θ at different Ra confirms the results previously obtained from analysing the streamlines and isotherms. The V profiles verify the existence of clockwise and anti-clockwise circulating cells within the enclosure. The increase of the magnitude of V with the increase of Ra is an indication of stronger buoyant flows within the enclosure at high Ra. The heat transfer mechanism is, therefore, expected to be due to convection at high Ra, while conduction is responsible for the heat transfer at low Ra. The θ profiles show that the fluid temperature along the Y = 0.1 axis increases from the left wall towards the heat source. At any point along this axis, the temperature decreases as Ra increases. The results also show that for Ra = 10 6 and away from the heat source, the EG-Cu nanofluid is associated with a higher absolute magnitude of velocity and a lower temperature compared to the pure EG due to stronger buoyant flows at high Rayleigh numbers.
The heat transfer rate is studied in terms of the average Nusselt number (Nu m ) calculated along the sides of the heat source. all values of Ra, the average heat transfer rate from the heat source increases as the solid volume fraction increases. This increase is due to the enhancement of the nanofluid effective thermal conductivity as the volume of nanoparticles increases.
Enclosure apex angle
In this section, the effect of apex angle of the triangular enclosure (δ) on the heat transfer performance of the enclosure is studied. It is assumed that D = 0.5, φ = 0.05 and H = W = 0.1. Fig. 7 shows the streamlines (left) and the isotherms (right) for Ra = 10 5 and three different apex angles (δ = 60°, 90°and 120°). The results show that for all apex angles, two counter-rotating circulating cells are observed within the enclosure. As discussed earlier, at δ = 90°, the circulating cells are symmetrical; however, at δ = 60°and 120°, that is not the case. The minimum and maximum values of the stream function show that the right circulating cell is stronger than the left circulating cell. This asymmetrical behaviour of the flow field in the isosceles triangular enclosure has also been reported in the literature [25, 26] . The asymmetrical results are observed as the flow undergoes a supercritical pitchfork bifurcation when Rayleigh numbers increases above a critical value. The asymmetrical flow behaviour, which is observed at apex angles of δ = 60°and δ = 120°but not at δ = 90°, can be attributed to the fact that the critical Rayleigh number is a function of the enclosure apex angle [25] .
It is also noteworthy that since the length of the bottom wall of the enclosure is kept constant, as the apex angle increases, the enclosure becomes smaller and the circulating cells become more limited. Thus, an increase in the apex angle results in a decrease in the strength of the circulating cells. However, this does not mean that the heat transfer rate will be lower for higher apex angles. It is worth noting that as the apex angle increases, the heat source becomes closer to the cold inclined walls and the conduction heat transfer rate is expected to increase. Fig. 8 depicts the variation of the average Nusselt number (Nu m ) with the apex angle (δ) for different Ra. At low values of δ, a considerable distance exists between the heat source and the cold inclined walls. Therefore, as Ra increases, the buoyant forces and the convection flow field become stronger and Nu m increases. However, at higher values of δ, this distance becomes smaller, limiting the strength of the convective flow field. The influence of Rayleigh number on the heat transfer rate proves to be insignificant for δ > 120°. This is due to the limited convective flow circulations within the enclosure at high apex angles.
Heat source position
In this section, the effect of the heat source position on the heat transfer performance of the enclosure is studied. It is assumed that δ = 90°, φ = 0.05 and W = H = 0.1. 
Heat source dimensions
In this section, the effect of heat source dimensions on the heat transfer performance of the enclosure is studied. It is assumed that Ra = 10 5 , D = 0.5, φ = 0.05, and δ = 90°. Fig. 12 shows the streamlines (left) and the isotherms (right) for the heat source with H = 0.1 and three values of W (W = 0.05, 0.3 and 0.7). Even though the apex angle is 90°and the heat source is positioned in the middle of the bottom wall, an asymmetry in the flow patterns is observed for W = 0.05. This is in line with the results of Holtzman et al. [25] who studied natural convection within an isosceles triangular enclosure heated from below and symmetrically cooled from above. They showed that for a particular triangular geometry and above the critical Grashof number, the geometric plane of symmetry was not a plane of symmetry for the flow. However, for W = 0.3 and 0.7, the flow field is fully symmetrical. It can also be seen that as the heat source length increases, the streamlines break into two circulating cells and the isotherms intensify near the corner of the heat source. for high values of W (W = 0.3, 0.5, and 0.7), Nu m first decreases and then increases as H increases. This is because of the influence of the heat source dimensions on the flow patterns within the enclosure.
Modified versus original Maxwell models
As mentioned in the introduction, the models used to estimate the properties of the nanofluid significantly affect the heat transfer performance of the nanofluid [15, 16] . Yu and Choi [21] argued that the effective thermal conductivity calculated based on the modified Maxwell model is higher than that obtained from the original Maxwell model. The analyses thus far are based on the modified Maxwell model. However, in this section, both the modified and the original Maxwell models are Fig. 13 presents a comparison between the two models for the variation of the ratio of the nanofluid to the pure fluid average Nusselt numbers (Nu m,nf /Nu m,f ) with respect to φ. Both models show an increase in Nu m,nf /Nu m,f at higher Ra and φ. However, the rate of this increase is more noticeable in the results obtained from the modified Maxwell model.
Conclusions
A numerical investigation has been presented to study the natural convection in an isosceles triangular enclosure with a heat source located at its bottom wall and filled with an Ethylene Glycol-Cu nanofluid. The effect of parameters such as Rayleigh number, solid volume fraction, apex angle of the enclosure, position and dimensions of the heat source on the flow and temperature fields as well as the heat transfer rate are examined. A comparison study between the results obtained from the modified and original Maxwell models indicates that the heat transfer rates obtained based on the modified Maxwell model are generally higher than those obtained based on the original Maxwell model.
The enclosure filled with Ethylene Glycol-Cu nanofluid shows a better heat transfer characteristic compared to the enclosure filled with pure Ethylene Glycol. For an isosceles triangular enclosure filled with Ethylene Glycol-Cu nanofluid, an enhanced heat transfer is achieved as the solid volume fraction and Rayleigh number increase. Symmetrical flow and temperature fields are only observed for the right-isosceles triangular enclosure with a relatively long heat source located at the centre of the bottom wall. However, irregularities in the flow and temperature fields are observed when the apex angle is different from 90°or the heat source moves away from the centre of the bottom wall.
At low Rayleigh numbers, the heat transfer rate continuously increases with the enclosure apex angle and decreases with the distance of the heat source from the left vertex. However, at high Rayleigh numbers, the heat transfer rate reaches its minimum at certain values of the apex angle and heat source distance. For shorter heat source length, the highest heat transfer rates are obtained for the lowest heat source height. However, for the longer heat source lengths, the heat transfer rate first decreases and then increases as the heat source height increases.
